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Abstract
We systematically consider the AdS/CFT correspondence for a simplest mixed-
symmetry massless gauge field described by hook Young diagram. We introduce
the radial gauge fixing and explicitly solve the Dirichlet problem for the hook field
equations. Solution finding conveniently splits in two steps. We first define an incom-
plete solution characterized by a functional freedom and then impose the boundary
conditions. The resulting complete solution is fixed unambiguously up to boundary
values. Two-point correlation function of hook primary operators is found via the
corresponding boundary effective action computed separately in even and odd bound-
ary dimensions. In particular, the higher-derivative action for boundary conformal
hook fields is identified with a singular part of the effective action in even dimensions.
The bulk/boundary symmetry transmutation within the Dirichlet boundary problem
is explicitly studied. It is shown that traces of boundary fields are Stueckelberg-like
modes that can be algebraically gauged away so that boundary fields are traceless.
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1 Introduction
Elementary particles in higher-dimensional AdSd`1 spacetime with d ě 4 are characterized
by more than one spin number. Such mixed-symmetry particles, both (partially)-massless
and massive, naturally appear in the spectra of two important classes of theories, string
theory (in particular, strings on the AdS5ˆS5 background geometry) and higher spin theory
[1, 2, 3]. Studying mixed-symmetry field dynamics brings to light many interesting and still
purely understood issues and one of them is related to the AdSd`1{CFTd correspondence for
the bulk massless higher spin fields and their dual conformal description on the boundary.
Among all massless fields of general symmetry type there is a distinguished subset of
fields of particular ”hook” symmetry type described by Young diagrams with one row of
arbitrary length s and one column of height p ď d
2
. These are fields that appear in d-
dimensional extension of original Flato-Frønsdal theorem [4] proved recently by Vasiliev: a
tensor product of two spinor singletons decomposes into an infinite direct sum of bosonic
massless fields of mixed-symmetry hook type and a finite set of massive totally antisymmet-
ric fields including a massive scalar [5]. 1 By analogy with totally symmetric fields arising
in the tensor product of two scalar singletons, the Flato-Frønsdal theorem for two spinor
singletons provides a group-theoretical foundation of the AdSd`1{CFTd correspondence in
the mixed-symmetry case as well. In particular, one may develop a general formulation of
(not necessarily conformal) hook type conserved currents in d-dimensional flat space and
establish a precise correspondence between mixed-symmetry gauge fields in the bulk and
particular class of conserved currents built of two spinors living on the boundary [6].
From the field-theoretical perspective, a consideration of mixed-symmetry fields via the
Gubser-Klebanov-Polyakov and Witten procedure [7] is available now for massless mixed-
symmetry fields in AdS5 [8] and for massive mixed-symmetry fields in AdSd`1 [9].
2 Mass-
less mixed-symmetry fields in AdSd`1 spaces of generic dimension had not been considered
holographically and one of the main goals of the present paper is to initiate the study.
In doing this we consider the metric-like quadratic action for a simplest s “ 2, p “ 2
massless hook field 3 in AdSd`1 proposed in [1] and apply the Gubser-Klebanov-Polyakov
and Witten procedure. Our consideration is similar to those done in the lower spin cases in
[7, 17, 18, 19, 20, 21]. In particular, we use Euclidean version of AdSd`1 spacetime which
symmetry algebra is opd ` 1, 1q and introduce the infrared cutoff parameter ǫ. The cutoff
displaces the boundary into the bulk thereby allowing to formulate the Dirichlet boundary
problem. Then, in order to solve the field equations it is more convenient to consider
theory in momentum boundary space so that all equations become algebraic with respect
to boundary momenta. Finally, we define and compute the boundary effective action.
1This statement is a generalization of the theorem established by Flato and Fronsdal in d “ 3 case [4].
However, in this case the tensor product of two singletons (spinor and/or scalar) contain totally symmetric
fields only.
2From the holographic perspective, totally symmetric fields of arbitrary spin were originally considered
in [2, 10], and recently in [11]. See also recent papers on the holographic description of totally symmetric
fields within the unfolded formulation [12, 13, 14, 15].
3Contrary to the frame-like formulation that generalizes the frame formulation of the gravity to higher
spin theories (for review see, e.g., [16]) we work with higher spin metric-like fields which generalize the
standard gravitational metric field.
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While the general strategy is similar to the previously considered cases, there is one
ingredient that is definitely new for mixed-symmetry dynamics. Indeed, considering the
duality for massless mixed-symmetry fields one faces an important peculiarity which can
be generally described as the Brink-Metsaev-Vasiliev (BMV) mechanism [1]. It says that
an irreducible massless mixed-symmetry AdSd`1 field decomposes in the flat limit into a
collection of irreducible mixed-symmetry Minkowski Rd,1 fields. For instance, a simplest
massless mixed-symmetry AdSd`1 field of hook symmetry type decomposes into a massless
hook field and a massless graviton-like field in Rd,1. In other words, the BMV mechanism
implies that a given spin mixed-symmetry massless field in AdSd`1 has more PDoF than
its the same spin massless cousin in Rd,1, or, equivalently, less gauge symmetries. 4
Let Yopmqps, p´1q be an irreducible module of opmq algebra described by Young diagram
of hook symmetry type, where s and p are length and height. Recalling that a little Wigner
algebra in Rd,1 is opd´ 1q we conclude that PDoF carried by the simplest hook field s “ 2
and p “ 2 are described as the direct sum,
Yopd´1qp2, 1q ‘ Yopd´1qp2, 0q . (1.1)
Note that for totally symmetric spin-s fields (and, more generally, for arbitrary rectangular
diagrams) the PDoF are described by a single representation Yopd´1qps, 0q, so that the BMV
mechanism is absent in this case.
It follows that due to BMV mechanism an application of the standard holographic
prescription is a somewhat delicate procedure. This happens because tensors describing
PDoF are identified with initial values for propagating fields in the bulk and the boundary
problem makes this identification manifest. Indeed, original Lorentz opd, 1q bulk mixed-
symmetry hook field can be decomposed into opd´1, 1q components that is convenient from
the boundary perspective because their initial values are Lorentz fields in d-dimensional
Minkowski space. For the simplest hook field there appear several opd ´ 1, 1q irreducible
components including those described by Yopd´1,1qp2, 1q and Yopd´1,1qp2, 0q diagrams. In their
turn each of these two components contains a smaller component described by Yopd´1qp2, 0q
diagram. However, having not solved the field equations explicitly, it is problematic to
say which of opd´ 1, 1q components (or their linear combination) of the original bulk field
contains an opd ´ 1q graviton-like component to be identified with the second term in the
PDoF decomposition (1.1). The final answer obtained in this paper is that PDoF described
by (1.1) are contained in a hook opd´1, 1q component of the original bulk field, while other
symmetry type components are proportional to the hook initial values.
A related question concerns two-point correlation functions that follow from the holo-
graphic effective action: though conformal dimensions of the boundary conformal operators
are entirely fixed by the group theory of opd´ 1, 2q algebra, a set of shadow fields (which
are complementary to conformal primary fields) involved in the effective boundary action
crucially depend on a bulk formulation. For instance, the study of AdS5 massless mixed-
symmetry fields in Ref. [8] gives a set of shadow fields being packaged in a single generating
4Of course, one can always introduce auxiliary algebraic symmetries to obtain a formulation analogous
to Stueckelberg formulation of massive electrodynamics (here the role of the cosmological constant is played
by the mass). A Stueckelberg like formulation possesses an equal number of physical degrees of freedom
before and after the flat limit is taken.
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scalar function so that the resulting effective action yields a collection of two-point cor-
relators with conformal dimensions varying in a range. However, revealing a prescribed
conformal dimension guaranteed by the symmetry arguments is not manifest at all and
requires an additional analysis. In our case, there is a single shadow field described by an
opd´ 1, 1q traceless hook tensor so that respective two-point correlation function takes the
standard form [6] and conformal dimension is manifest and equals the vacuum energy of
the bulk hook field [22].
The organization of the paper is as follows. Since a detailed consideration rapidly
becomes highly technical, in particular, solution finding and computing the effective action,
we have relegated most technicalities to the appendices. The body of the paper mainly
discusses final results and contains almost no intermediate computations. This is why we
describe sections and appendices mixed up together.
In Section 2 we briefly recall a few basic facts about AdSd`1 hook field dynamics
and describe the quadratic action for a massless hook AdSd`1 field proposed in [1]. In
particular, in Section 2.1 we introduce a gauge invariant total derivative term so that the
full quadratic action contains two free parameters [23]. Then, in Section 2.2 we obtain the
hook field equations that follow from the action and derive their differential consequences
to be referred further to as constraints. These constraints are analogous to the Lorentz
gauge in the massive electrodynamics though in the present case the hook field system is
more complicated because of non-trivial gauge symmetry. Also, in Section 2.3 we evaluate
the on-shell value of the action.
In Appendix B we rewrite the field equations and constraints in the form suitable for
solution finding. To this end, in Section 3 we decompose original Lorentz opd, 1q hook gauge
field into opdq components and impose gauge fixing conditions that generalize the radial
gauge in the gravitation. Then, in Section 4 all fields are Fourier transformed and rescaled
in the way all covariant derivatives in the field equations are replaced by comma derivatives
and all contractions of indices are performed with respect to Euclidean metrics. It turns
out that this trick greatly simplifies the whole analysis. The resulting field equations and
constraints are given in Section B.1.
In Section 4.1 we propose to view solution finding as split into two parts: incomplete
solution followed by complete solution. The incomplete solution solves a part of the equa-
tion system. As a result, it fixes z-dependence only (here z is the radial direction in the
Poincare coordinates) and contains a functional freedom. The complete solution is obtained
by solving the remaining part of the equation system. Also, the complete solution involves
particular boundary conditions which fix completely all arbitrary functions entering the
incomplete solution up to boundary values of fields. The incomplete solution and complete
solution are analyzed in Appendices C and D, respectively.
In section 5 we formulate the Dirichlet boundary problem: all fields are required to take
fixed values at the conformal boundary displaced at small but finite distance z “ ǫ from
its true position at z “ 0. The problem has a unique solution parameterized by a single
hook traceless opdq boundary tensor. All other components of the bulk field either vanish
identically on the boundary or tend to zero asymptotically at ǫ Ñ 0. It is interesting
to note that a trace of the boundary hook component can be non-zero but the leftover
gauge symmetry analysis done in Section 7.2 shows that the trace can be gauged away by
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a Stueckelberg-like symmetry transformation. The final form of the complete solution is
given in Section 5.1, while its boundary behavior is analyzed in Section 5.2.
In Section 6 we consider the effective action and associated two-point correlation func-
tion. In particular, we explicitly analyze ǫ-decomposition of the on-shell value of the bulk
action and identify the two-point correlation function with its non-local part. The analysis
is done separately for two cases of even and odd boundary dimensions. In particular, for
even boundary dimensions we regularize the ill-defined kernel of the effective action and
find the higher-derivative action for conformal fields previously known in the literature [24].
In Section 7 we analyze the bulk/boundary global and local symmetry transmutation.
We find that boundary hook tensor is a shadow field with a correct conformal dimen-
sion, ∆s “ 0, so that a complementary conformal primary field has a dimension ∆p “ d.
Moreover, we analyze the leftover gauge symmetry transformation and find out that its
derivative part is accompanied by Stueckelberg-like terms that can be used to gauge away
the traces of the boundary value tensor.
In Appendix A we collect main formulae related to Poincare parametrization of AdSd`1
spacetime. Appendix E contains discussion of modified Bessel functions and their small
argument decompositions for (non-)integer orders. In Appendix G we discuss Fourier
transformations for certain type functions in momentum space. In particular, we derive
d-dimensional generalization of 4d differential regularization scheme proposed in [25].
2 Action for spin-p2, 1q field in AdSd`1
The Euclidean version of AdSd`1 spacetime is globally described as an upper-half space
with the metric
ds2 “ gµνdxµdxν “ R2 dzdz ` dx
idxi
z2
, (2.1)
where xµ “ px0 ” z, xiq are Poincare coordinates, µ “ 0, 1, ..., d and i “ 1, ..., d, while R is
a radius of AdSd`1 (starting from Section 2.3 we set R “ 1). 5 The conformal boundary
is isomorphic to d-dimensional sphere being a compactification of the plane z “ 0 by the
single point z “ 8. In what follows, we displace the boundary z “ 0 into the bulk and
introduce the cutoff parameter ǫ so that a radial coordinate runs z P rǫ,8q.
The global symmetries of Euclidean AdSd`1 space are organized into opd`1, 1q algebra.
We consider those modules of opd`1, 1q that correspond to unitary modules DpE0| s, p´1q
of opd, 2q isometry algebra of the standard AdSd`1 spacetime (with Lorentz signature) [22].
The modules have spins s and p represented as Young diagrams Yopdqps, p´1q with one row
of length s and one column of height p, and the vacuum energy
E0 “ s` d´ 2 . (2.2)
Note that the same value of the energy holds for totally symmetric fields because the
general formula for E0 depends on the length of the uppermost rectangular block only. As
a consequence, the energies of length-s hook and totally symmetric fields are the same. In
5Christoffel symbols as well as Riemann, Ricci and scalar curvatures associated with the metric (2.1)
are given in Appendix A.
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particular, for the spin s “ 2, p “ 2 hook particle we obtain the energy E0 “ d, which
value coincides with that of the AdSd`1 graviton field.
Let ϕµν,ρpxq be opd, 1q Lorentz tensor field with index permutation symmetry corre-
sponding to the hook Young diagram with two cell in the first row and a single cell in the
second row, i.e., ϕµν, ρpxq “ ϕνµ,ρpxq and ϕµν, ρpxq ` ϕµρ, νpxq ` ϕρν, µpxq ” 0. Its gauge
symmetry transformation is given by
δϕµν, ρpxq “ ∇µχνρpxq `∇νχµρpxq , (2.3)
where ∇µ is a covariant derivative evaluated with respect to the background metric (2.1)
(see Appendix A), and χνρpxq is antisymmetric gauge parameter, χνρpxq “ ´χρνpxq. The
hook gauge field with the transformation law (2.3) corresponds to unitary module Dpd| 2, 1q
discussed above.
2.1 Quadratic action
The gauge invariant action for the hook field has been originally formulated by Brink,
Metsaev and Vasiliev within the metric-like approach [1]. 6 Up to total derivative terms
discussed below the action is given by
S0 “ h0
2
ż
dd`1x
?
g
´
∇λϕµν,ρ∇
λϕµν,ρ ´ 3
2
∇λϕµ∇
λϕµ ´ 2∇µϕµν,ρ∇λϕλν,ρ`
´∇ρϕµν,ρ∇λϕµν,λ ` 3∇νϕµ∇ρϕνρ,µ ` 3
2
∇
µϕµ∇νϕ
ν ´ 3
R2
ϕµν,ρϕ
µν,ρ ´ 3pd´ 4q
2R2
ϕµϕ
µ
¯
,
(2.4)
where the field ϕρ “ gµνϕµν,ρ denotes the trace, and h0 is an arbitrary dimensionless
normalization constant.
Action (2.4) is invariant under gauge transformations (2.3). It is remarkable that in
the flat limit R Ñ 8 action (2.4) exhibits the gauge symmetry enhancement. In addition
to (2.3) it becomes invariant with respect to new gauge transformations,
δϕµν,ρpxq “ 2 BρSµνpxq ´ BµSνρpxq ´ BνSµρpxq , (2.5)
with traceful symmetric parameter, Sµνpxq “ Sνµpxq. It follows that in the flat limit action
(2.4) reproduces the action for a hook massless field obtained by Curtright [26].
Allowing for total derivative terms, one observes that the most general form of quadratic
action for the hook field reads
S “ S0 ` S1 ” S0 ` h1
2
ż
dd`1x
?
gO , O “ ∇λUλ , (2.6)
6At the present, there are several approaches (both Lagrangian and non-Lagrangian) to free mixed-
symmetry field dynamics in AdSd`1 spacetime [22, 8, 27, 28, 23, 29, 30, 31, 32, 33]. Some FV-type cubic
interactions between mixed-symmetry AdSd`1 fields and the gravity are known [34, 35]; see also a recent
paper [36] on mixed-symmetry field vertices formulated within the ambient-space approach.
7
where S0 is given by (2.4), while vector U
ν and its divergence are [23]
Uλ “ ϕµ∇ρϕλρ,µ ` 2ϕµ∇ρϕµλ,ρ , O “ ∇λϕµ∇ρϕλρ,µ ` 2∇λϕµ∇ρϕµλ,ρ ` 3
2
ϕµϕ
µ .
(2.7)
Coefficient h1 is an arbitrary dimensionless constant. It is worth noting that adding total
derivative O keeps all gauge invariances intact, both on the AdS background and in the
flat limit.
2.2 Equations of motion and constraints
Equations of motion that follow from action (2.4) can be represented as
δS0
δϕµν, ρ
” Eµν, ρ “ 0 , (2.8)
where variation Eµν, ρ “ Eµν, ρpϕ, Bϕq denotes a resulting second order combination of hook
fields. One can also consider its trace, Eρ ” gµνEµν, ρ.
From the discussion of the flat space symmetry enhancement (2.5) in the previous sec-
tion it follows that the hook field theory in AdSd`1 resembles the massive electrodynamics
in Rd,1. Namely, taking the massless limit in the Proca theory one observes the gauge
symmetry enhancement so that the resulting theory is the Maxwell electrodynamics. It
implies that in the massive regime one obtains the Lorentz condition m2BµAµ “ 0 just by
taking the divergence on the field equations. In the massless limit the Lorentz condition
turns into the Noether identity for the Maxwell gauge symmetry. The parameter of mass
in the electrodynamics is to some extent analogous to the cosmological constant in the
hook field theory. It follows that there are constraints on massless hook fields in AdSd`1
analogous to the Lorentz condition on massive vector fields in Rd,1.
Indeed, taking the divergence on the field equations ∇ρEµν, ρ one obtains the following
differential constraints
2∇λϕµν,λ `∇µϕν `∇νϕµ “ 0 , ∇λϕλ “ 0 . (2.9)
Here the later condition is the trace of the former one. One may explicitly check that the
above equations are gauge invariant.
Using trace equations Eρ “ 0 and constraints (2.9), the original fields equation Eµν, ρ “ 0
(2.8) can be simplified so that the resulting equations take the form,
∇
2ϕµν,ρ ´∇µ∇λϕλν,ρ ´∇ν∇λϕλµ,ρ ` 1
2
∇µ∇νϕρ ` 1
2
∇ν∇µϕρ`
` 3
R2
ϕµν,ρ ´ 1
R2
`
2gµνϕρ ´ gµρϕν ´ gνρϕµ
˘ “ 0 ,
(2.10)
where ∇2 “ ∇λ∇λ. Taking the trace gµν of (2.10) yields
∇2ϕγ ´∇α∇βϕαβ,γ ` 3´ 2d
2R2
ϕγ “ 0 . (2.11)
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Young symmetry combination of the field equations (2.10) is proportional to the first deriva-
tive of the first constraint in (2.9). Therefore, denoting the field equations (2.10) as Eµν,ρ
and constraints (2.9) as Tµν and T , we have Eµν,ρ`Eµρ,ν`Eνρ,µ “ ∇µTνρ`∇νTµρ`∇ρTµν «
0. Also, gµνTµν “ 4T .
The system of field equations (2.10) supplemented with constraints (2.9) correctly de-
scribes the hook field dynamics in AdSd`1 spacetime. The form of dynamical equations
obtained in this section is the starting point of further analysis.
2.3 On-shell value of the action
Total action (2.6) admits an equivalent representation
S “ 1
2
ż
dd`1x
?
g
´
h0∇λV
λ ` h1∇λUλ ` ϕµν,ρEµν,ρ
¯
, (2.12)
where Eµν,ρ is the left-hand-side of the field equations (2.8), vector U
λ is given in (2.7) and
vector V λ is given by
V λ “ ϕµν,ρ∇λϕµν,ρ ´ 3
2
ϕµ∇
λϕµ ´ 2ϕλν,ρ∇µϕµν,ρ`
´ϕµν,λ∇ρϕµν,ρ ` 3
2
ϕµ∇ρϕ
λρ,µ ` 3
2
ϕλρ,µ∇ρϕµ ` 3
2
ϕλ∇νϕ
ν .
(2.13)
It follows that on-shell value of action (2.12) is given by
S « 1
2
ż
dd`1x
?
g
´
h0∇νV
ν ` h1∇νUν
¯
“ ǫ
´d
2
ż
ddx
´
h0Vµ ` h1Uµ
¯
nµ
ˇˇˇ
z“ǫ
“ ´ǫ
´d`1
2
ż
ddx
´
h0V0 ` h1U0
¯ˇˇˇ
z“ǫ
,
(2.14)
where « means on-shell equality, while the boundary is placed at z “ ǫ and nµ “
p´z, 0, ..., 0q is orthogonal to the boundary unit vector pointing outward. Expression (2.14)
will be used in computing the effective boundary action and associated two-point correla-
tion functions in Section 6.
3 Radial gauge conditions
In order to implement the Gubser-Klebanov-Polyakov and Witten prescription [7] one
should find a solution to the field equations provided certain boundary conditions imposed
on the bulk fields. For lower spin gauge fields formulated within the metric-like approach
the most straightforward way to achieve the goal is to use a gauge fixing similar to the
radial gauge h0µ “ 0 in the gravitation theory, see, e.g., [17, 18, 19, 20]. In what follows,
we show that using the radial gauge fixing for hook fields is still an efficient tool though
for higher spin fields of arbitrary shape it may get complicated.
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To impose the radial gauge one decomposes opd, 1q tensor field ϕµν,ρpxq into opdq com-
ponents. The resulting list contains the following components:
hook component: ϕij,k
symmetric component: ϕij,0 ” ϕij
antisymmetric component: ϕ0ri,js “ ϕ0i,j ´ ϕ0j,i
vector component: ϕ00,j
(3.1)
where i, j “ 1, ..., d. The hook ϕij,k and symmetric ϕij components from the list (3.1) are
traceful. Their traces will be denoted as
gijϕij,k ” ϕk , gijϕij ” ϕ0 , (3.2)
where metric tensor gij stands for opdq part of the original metric gµν , i.e., gij “ z2δij
and gikg
kj “ δji . Recalling that the number of independent components for a hook tensor
in n dimensions equals npn2 ´ 1q{3 one can easily check the above decomposition just by
summing up and comparing respective dimensions.
Now, using gauge transformations with antisymmetric gauge parameters (2.3) one im-
poses the radial gauge condition,
ϕ0rµ,νs “ 0 , or, equivalently, ϕ0ri,js “ ϕ00,j “ 0 . (3.3)
Obviously, the number of imposed gauge conditions is equal to the total number of inde-
pendent components of antisymmetric and vector opdq tensors (3.1). The remaining gauge
fields are hook ϕij,k and symmetric ϕij tensor fields as well as their traces ϕk and ϕ0, four
different opdq tensor fields in total. It is worth noting that the radial gauge fixing (3.3) is
incomplete so that there exists a leftover gauge symmetry analyzed in Section 7.2.
4 Solving the equations of motion
Besides imposing convenient gauge fixing conditions a proper treatment of the equations
also involves factoring out z2-factors from the Bµ-derivatives and fields, along with using
momentum representation with respect to xi-coordinates. Indeed, to simplify consideration
it is convenient to split covariant derivative ∇µ into a comma derivative Bµ and Christoffel
coefficients Γµ. Then, one re-scales derivatives Bµ “ gµνBν by z2-factor contained in the
metric so that indices are lowered and raised via δµν . It follows that using the radial gauge
(3.3) the remaining fields are redefined as
ϕij,kpz,xq Ñ ϕij,kpz,xq , ϕijpz,xq Ñ ϕijpz,xq ,
ϕipz,xq Ñ z2ϕipz,xq , ϕ0pz,xq Ñ z2ϕ0pz,xq ,
(4.1)
while
Bz “ BBz , B
i “ Bi “ BBxi , and l “ B
iBi . (4.2)
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Now, denoting rescaled fields (4.1) as Φ˜pz,xq (suppressing the indices) we introduce
their Fourier transform images as
Φ˜pz,xq “
ż
ddk
p2πqd e
´ik¨xΦpz,kq , Φpz,kq “
ż
ddxeik¨xΦ˜pz,xq , (4.3)
where contraction k ¨ x “ δijkixj is evaluated with respect to Euclidean metric. In other
words, interpreting Euclidean AdSd`1 spacetime as a stack of Euclidean spaces R
d of varying
size, we perform standard Fourier transformation for a given fixed value of z-coordinate
that otherwise is not applicable in global AdSd`1 spacetime.
4.1 Incomplete and complete solutions
Detailed analysis of the field equations and constraints starts with rewriting all equations
according to index splitting µ, ν, ... to 0 and i, j, .... All tensor fields are Fourier transformed
Φ “ Φpz,kq (4.3) and comma derivatives are given by Bm “ ikm. The resulting component
equations (B.1) - (B.13) given in Appendix B form the system of 1st and 2nd order ordinary
differential equations in z-variable. With respect to momenta ki all equations are algebraic.
While a part of these equations (both 1st and 2nd order equations) are directly solved
via elementary functions, treating another part (2nd order equations for symmetric and
hook components) is more tricky. Indeed, there are 2nd order equations which are Bessel
equations with non-vanishing right-hand-side part. Using collective notation Φpz,kq one
may represent those equations as follows,”
B2z `
α
z
Bz ` β
z2
` γ
ı
Φpz,kq “ Υpz,kq , (4.4)
where coefficients α, β, γ define the Bessel equation on the left-hand-side, while the right-
hand-side is given by some tensor function Υ expressed via various tensor components. It
is suggested to search for a solution to such equations via the traceless and transverse (TT)
decomposition,
Φpz,kq “ Φ¯pz,kq ` Ξ
´
Φpz,kq, km, 1
k2
¯
, (4.5)
where the first term is a TT component, while the second term is a non-analytical at
zero momenta combination involving original field Φpz,kq and momenta km. Explicit
computation shows that a TT component solves the homogeneous Bessel equation,”
B2z `
α
z
Bz ` β
z2
` γ
ı
Φ¯pz,kq “ 0 . (4.6)
Changing variables one finds that depending on coefficients in (4.4) a TT component is
the modified Bessel function of a given order Φ¯pz,kq “ zµKνpzkqΦ¯pkq, where Φ¯pkq is some
boundary TT tensor, and µ and ν are fixed numbers.
When solving the hook equation system we use the following strategy.
• Firstly, we consider a part of the equation system and find solutions for each of tensor
components ϕij,k, ϕij and their traces ϕi, ϕ0 (4.1) modulo some coefficients that
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are arbitrary functions of momenta. Such a solution completely fixes z-dependence
but km-dependence is mainly ambiguous. Since the resulting solution contains a
functional freedom it will be referred to as an incomplete solution. It is explicitly
considered in Appendix C.
Singling out the incomplete solution is preliminary to finding the complete solution.
Its most important feature is that boundary conditions are not yet imposed.
• Secondly, using a remaining part of the equation system we find the final solution pro-
vided particular boundary conditions. Namely, we formulate the Dirichlet boundary
problem. It follows that all undetermined functions entering the incomplete solution
are expressed via a single boundary tensor of hook symmetry type, see Section 5.
In particular, it follows that arbitrary functions parameterizing the incomplete solu-
tion may get dependent on extra parameters which characterize particular boundary
conditions. For instance, introducing the cutoff ǫ is irrelevant to finding incomplete
solution but it appears later on when setting the Dirichlet problem.
5 Boundary value problem
A list of incomplete solutions found in Appendix C reads (ν “ d{2)
ϕ0pz,kq “ Cpǫ,kq
z2
, ϕipz,kq “ Aipǫ,kq
z
` Bipǫ,kq
z3
,
ϕijpz,kq “ zν´2KνpzkqFijpǫ,kq ` ... ,
ϕij,kpz,kq “ zν´3KνpzkqGij,kpǫ,kq ` ... ,
(5.1)
where expressions for traces are exact, while those for symmetric and hook components
display only TT parts, and the dots denote a non-analytical contribution of the type (4.5).
Other field components listed in (3.1) vanish by virtue the radial gauge fixing (3.3). In
order to find exact values of unspecified boundary tensors Aipǫ,kq, Bipǫ,kq, Cpǫ,kq, and TT
boundary tensors Fijpǫ,kq, Gij,kpǫ,kq (along with not displayed in (5.1) arbitrary tensor
aijpǫ,kq entering a non-analytical part in the hook component, see (C.16)) one have to
fix one or another set of boundary conditions. In what follows, we impose the Dirichlet
conditions.
Namely, we claim that hook component ϕij, kpz,kq is to be fixed on the boundary while
other fields are required not blowing up at ǫ Ñ 0. Then, the only consistent way to fulfill
this boundary condition is to require that boundary values of all components are expressed
in terms of unconstrained boundary value of the hook component,
ϕij, kpǫ,kq ” πij, kpkq , with vanishing trace δijπij, kpkq “ 0 . (5.2)
One can also leave the boundary value of the trace non-vanishing. However, as discussed
in the end of section 7.2 there exists the leftover gauge symmetry on the boundary of
Stueckelberg type that allows one to gauge the trace away.
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5.1 Complete solution
The final answer for various tensor components computed in Appendix D is the following.
• Trace components, formulas (D.3), (D.14):
ϕ0pz,kq “ 0 , ϕipz,kq “ ǫ
3
4pd´ 2q
”1
z
´ ǫ
2
z3
ı
kmknπmn,ipkq . (5.3)
• Symmetric component, formula (D.10):
ϕijpz,kq “ ´i
´ ǫ
z
¯2 ǫ
W pǫkq
Kνpzkq
Kνpǫkq
´
kmπij,mpkq ` k
mkn
2k2
`
kiπmn,jpkq ` kjπmn,ipkq
˘¯
´ iǫ
2pd´ 2q
´ ǫ
z
¯2kmkn
k2
`
kiπmn,jpkq ` kjπmn,ipkq
˘
,
(5.4)
where functions Kν and W defined in (E.2) are combinations of modified Bessel
functions.
• Hook component, formula (D.16):
ϕij,kpz,kq “
´ ǫ
z
¯3Kνpzkq
Kνpǫkq ϕ¯ij,kpkq ` ¨ ¨ ¨ , (5.5)
where ϕ¯ij,kpkq is a TT part (D.15) of the boundary hook tensor πij,kpkq, while the
dots stand for the terms (a couple of dozens of them) that define a non-analytical
contribution of the type (4.5).
5.2 Behavior at the boundary
Let us examine the complete solution in the limit ǫÑ 0.
• The boundary value of the trace component (5.3) vanishes identically,
ϕipǫ,kq “ 0 , (5.6)
what agrees with tracelessness of the hook field boundary value ϕij,kpǫ,kq “ πij,kpkq.
A scalar component of the trace is zero for any values of coordinate z, see (5.3).
• From (5.4) we find that the symmetric component tends to zero on the boundary,
ϕmnpǫ,kq “ iǫpd´ 2qk
lπmn,lpkq ` ...
ˇˇˇ
ǫ“0
“ 0 . (5.7)
Note that its trace vanishes as well.
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• Substituting z “ ǫ into the hook component solution (5.5) and using definition (D.15)
one reproduces the original boundary condition (5.2),
ϕij, kpǫ,kq ” πij, kpkq . (5.8)
All other components of the bulk hook field are set to zero by virtue of the radial gauge
fixing (3.3).
The above analysis answers questions about PDoF discussed in Introduction. So, the
boundary behavior of the hook field manifestly demonstrates that PDoF are carried by
the hook component ϕij, kpx,kq only. It follows that a graviton-like mode arising via the
BMV mechanism is an opd ´ 1q symmetric component of opdq boundary tensor πij, kpkq.
Put differently, formula (5.7) says that another candidate to contain a graviton-like mode
vanishes on the boundary. In particular, it implies that the boundary effective action is
expressed in terms of boundary hook tensors only.
6 Effective action and two-point correlation function
Let us consider on-shell quadratic action written in terms of the Fourier transform,
S «
ż
ddxddy
ż
ddk
p2πqd e
´ikpx´yqIǫ,kpx, yq , (6.1)
where the kernel Iǫ,kpx, yq is some bi-local function in position space parameterized by
momenta and the cutoff parameter. In general, the kernel is given by the Laurent series in
the cutoff parameter, while expansion coefficients are not necessarily analytical functions
at zero momenta. It can be represented as a sum of two groups of terms,
Iǫ,kpx, yq “ N ǫ,kpx, yq ` Locǫ,kpx, yq , (6.2)
where Locǫ,kpx, yq denote all local terms that under Fourier transform give contact delta-
function terms. Such terms can be consistently removed through the holographic renor-
malization procedure [37]. In other words, local terms given in momentum space are
represented as „ pk2qm, where orders m are positive integers.
Explicit computation shows that all poles in the cutoff parameter have vanishing coef-
ficients so that only the regular part of Nǫ,kpx, yq remains starting from the term propor-
tional to ǫ6. Therefore, we define the effective action as follows,
Seff “ 1
ǫ6
ż
ddxddy
ż
ddk
p2πqd e
´ikpx´yqNǫ,kpx, yq
ˇˇˇ
ǫÑ0
. (6.3)
The power of the cutoff parameter here indicates how quickly quantity Nǫ,kpx, yq grows
as the boundary surface shifts to the infinity.
Now consider the surface term in the quadratic action (2.14) defined by radial vector
components V0 (2.13) and U0 (2.7). Using the gauge fixing (3.3) and the boundary be-
havior of the solution discussed in section 5.2 one finds that all terms in U0 contribute to
14
Locǫ,kpx, yq, while the only term in V0 that can contain non-local contributions is given by
the normal derivative of the hook component,
S « ´h0 ǫ
´2ν`7
2
ż
ddxddy
ż
ddk
p2πqd e
´ikpx´yqϕij,kpǫ,kqBzϕij,kpz,kq
ˇˇˇ
z“ǫ
, ν “ d{2 . (6.4)
All other terms in V0 belong to Locǫ,kpx, yq. In particular, it follows that overall constant
h1 entering the total action (2.6) falls out the resulting effective action.
6.1 Two-point correlation function for hook field
We assume that the effective action (6.3) inherited from (6.4) has the form
Seff “ C
ż
ddxddy
”
πij, kpxqxOij, kpxqOmn, lpyqyπmn, lpyq
ı
, (6.5)
where C is a normalization constant, and two-point function [6]
xOij, kpxqOmn, lp0qy “ Πij, k|mn, lpxq|x|2∆ , ∆ “ d , (6.6)
is contracted with two boundary traceless hook tensor fields πij, kpxq being initial values
for the bulk fields, and projector Πij, k|mn, lpxq is given by
Πij, k|mn, l “
`
IimIjn ` IinIjm
˘
Ikl
´1
2
`
IimIkn ` IinIkm
˘
Ijl ´ 1
2
`
IjmIkn ` IjnIkm
˘
Iil ´ 2
d´ 1Tij, k|mn, l ,
(6.7)
where matrix
Imn “ δmn ´ 2xmxn
x2
, (6.8)
is proportional to Jacobi matrix for the inversion transformation xi Ñ xi{x2 in Rd, while
trace part Tij, k|mn, l is given by
Tij, k|mn, l “ δijδmnIkl ´ 1
2
δmn
`
δikIjl ` δjkIil
˘
´1
2
δijδmlIkn ` 1
4
δml
`
δikIjn ` δjkIin
˘
´1
2
δijδnlIkm ` 1
4
δnl
`
δikIjm ` δjkIim
˘
.
(6.9)
The form of the two-point function (6.6) is completely fixed by conformal symmetry algebra
opd` 1, 1q realized by up-to-scale isometries of the Euclidean metric in Rd space. Now we
should justify the appearance of this function as a boundary value of the action. To this
end, we discuss transformation properties of the bulk and boundary values of fields and
action, see Section 7.
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6.2 Odd boundary dimensions d
Consider first the case of odd dimensions d that corresponds to non-integer values of the
modified Bessel function order ν “ d{2. In order to find the on-shell value of action (6.4)
we have to compute a normal derivative Bzϕij,kpz,kq|z“ǫ. Straightforward computation
yields formulas collected in Appendix F. As a result, we find that the normal derivative
decomposes in degrees of the cutoff ǫ as follows
Bzϕij,kpz,kq
ˇˇˇ
z“ǫ
“ ǫ´1 Λp´1qij,k pkq ` ǫΛp1qij,kpkq ` ...
`ǫ2ν´1 k2νΛp2ν´1qij,k pkq ` ... ,
(6.10)
where the dots in the first and second lines stand for higher order terms, Opǫ3k4q and
Opǫ2ν`1k2ν`2q, respectively. Functions Λp¨¨¨ qij,k pkq are some combinations of the boundary
hook tensor and momenta. Note that the first term in (6.10) comes from differentiating
ratios ǫ{z raised to different powers which appear inside the solution (5.5). The second
and third terms along with their higher order cousins come from differentiating Opǫmkm`1q
and Opǫ2ν`lk2ν`l`1q terms in the decomposition of the logarithmic derivatives of various
functions inside (D.16) computed using the modified Bessel function decomposition (E.3).
Therefore, we have three types of terms that should be analyzed separately.
The reason for singling out the first three terms in (6.10) is twofold. First, these are
lowest order terms in ǫ inside their groups and therefore higher order contributions are
negligible in the limit ǫ Ñ 0. Second, the first two terms contain contributions singular
in k as well as those proportional to even degrees of momenta, k2m, while all members
of the third term contains odd degrees of momenta only, kd`2l (recall ν “ d{2 and d is
odd). Therefore, when considering decomposition (6.10) we control ǫ-smallness and non-
analyticity at zero momenta.
From expressions (F.6) - (F.10) one can read off the lowest order functions to obtain
Λ
p´1q
ij,k pkq “ 0 , Λp1qij,kpkq “ 0 , (6.11)
while k2νΛ
p2ν´1q
ij,k pkq defines the lowest order non-local contribution to the on-shell value of
the action and thereby produce the searched-for two-point correlation function.
The final expression for the effective action (6.3) obtained by substituting coefficient
Λ
p2ν´1q
ij,k pkq (6.10) into on-shell action (6.4) is given by
Seff “ κo
ż
ddxddy
ż
ddk
p2πqd e
´ikpx´yqkdZpk| πpxq, πpyqq , κo “ h0 d
2d`1
Γp1´ d{2q
Γp1` d{2q ,
(6.12)
where the bi-local kernel function reads
Zpk| πpxq, πpyqq “
´
πij,kpxqπij,kpyq ´ 2πmi,jpxqπni,jpyqk
mkn
k2
´
´d` 1
d´ 2πij,kpxqπij,mpyq
kkkm
k2
` 3
2
πij,kpxqπmn,kpyqk
ikjkmkn
k4
¯
.
(6.13)
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Note that Γp1´ d{2q in (6.12) does not have zeros for odd d considered in this section.
Then, using the Fourier transform formula (G.2) one obtains two-point function in
position space,
S˜eff “ κ˜o
ż
ddxddy
Z˜pπpxq, πpyqq
|x ´ y|2d , κ˜o “ ´
h0
2πd{2
1
pd´ 2q
Γpd` 2q
Γpd{2q , (6.14)
with the bi-local kernel given by
Z˜pπpxq, πpyqq “
´
πij,kpxqπij,kpyq ´ 4πmi,jpxqπni,jpyqz
mzn
z2
´
´2πij,kpxqπij,mpyqz
kzm
z2
` 6πij,kpxqπmn,kpyqz
izjzmzn
z4
¯
,
(6.15)
where we introduced notation zi “ xi ´ yi and z2 “ zizi. Using simple algebra, one shows
that bi-local function Z˜pπpxq, πpyqq coincides with the tensor (6.7) contracted with πij,k as
follows
Z˜pπpxq, πpyqq “ 1
3
πij,kpxqΠij,k|mn,lpx´ yqπmn,lpyq . (6.16)
In particular, from (6.6) we obtain that the effective action does reproduce a two-point
function of two primary mixed-symmetry operators with conformal dimensions (vacuum
energies) ∆ “ E0 “ d (2.2).
6.3 Even boundary dimensions d
All the results obtained in the previous section can obviously be generalized to any non-
integer values of parameter ν “ d{2. To elaborate the case of integer ν or even dimensions
d one has to redo the above computation starting form a small argument decomposition of
the modified Bessel function of integer order. Repeating computation is necessary because
the decomposition for integer ν contains a logarithmic contribution, see formula (E.6).
It follows that computing a two-point correlation function in momentum space yields a
result different from non-integer ν case discussed above. In position space the final result
coincides with (6.14) that can be explained by absence of the gamma function zeros in the
overall coefficient (6.14) contrary to zeros in (6.12).
Quite analogously to expression (6.10) one finds that ǫ-decomposition of the normal
derivative for even d is given by
Bzϕij,kpz,kq
ˇˇˇ
z“ǫ
“ ǫ´1 Λp´1qij,k pkq ` ǫΛp1qij,kpkq ` ...
`ǫ2ν´1k2ν ln ǫk
2
Λ
p2ν´1q
ij,k pkq ` ... ,
(6.17)
where the dots in the first and second lines stand for higher order terms, Opǫ3k4q and
Opǫ2ν`1k2ν`2q, respectively. A direct computation yields relations Λp´1qij,k pkq “ Λp1qij,kpkq “ 0,
which obviously coincide with (6.11) because first groups of terms in the modified Bessel
function decompositions (E.3) and (E.6) are the same. The difference appears in the last
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term containing the logarithm. It follows that the renormalized value of the on-shell action
in momentum space is equal to
Seff “ κe
ż
ddxddy
ż
ddk
p2πqd e
´ikpx´yq kd ln
ǫk
2
Zpk| πpxq, πpyqq , (6.18)
where the bi-local kernel function is given by (6.13), while an overall coefficient is different,
κe “ p´q d2 h0d
2dΓpd
2
qΓpd
2
` 1q . (6.19)
To perform a Fourier transformation one uses formula (G.19) that gives rise to the following
expression,
S˜eff “ κ˜e
ż
ddxddy
Z˜pπpxq, πpyqq
|x ´ y|2d , κ˜e “ ´
h0
2πd{2
1
pd´ 2q
Γpd` 2q
Γpd{2q , (6.20)
which is obviously identical to the previously obtained on-shell action in odd dimensions d
(6.14).
7 Bulk/boundary symmetry transmutation
Bulk action (2.6) is invariant under global and local transformations,
δϕµν, ρpxq “ δLχϕµν, ρpxq ` δGξ ϕµν, ρpxq , (7.1)
where local part is given by gauge transformations (2.3), while global part is the Lie deriva-
tive with respect to Killing vectors of the background AdSd`1 metric (see below). Having
found explicit solution to the Dirichlet problem for the hook field equations it is useful to
examine the behavior of symmetries (7.1).
In our case global symmetries of Euclidean AdSd`1 spacetime form opd` 1, 1q algebra
which describes conformal invariance of the boundary effective action. Since quadratic
action (2.6) is invariant under global AdSd`1 symmetries it is natural to expect that the
invariance is kept unbroken for the boundary action. Indeed, in Section 6 we have explicitly
shown that definite parts of the on-shell action are identified with renormalized two-point
correlation functions which are conformally invariant. It shows that the ǫ-regularization
used in practice is consistent with global conformal symmetry at least for the Dirichlet
boundary conditions.
7.1 Global symmetries
Consider now global symmetry transformations for both bulk and boundary fields. Our
aim here is to demonstrate the bulk/boundary symmetry transmutation occurring in the
limit z “ ǫ Ñ 0. To this end, one finds Killing vectors of the Euclidean AdSd`1 metric
(2.1). These are given by opdq scalar and vector components of opd ` 1q Killing vector
ξµ “ pξ0pz,xq, ξmpz,xqq, namely,
ξ0pz,xq “ pD ´ 2pKxqqz , (7.2)
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ξmpz,xq “ Λmnxn ` Pm `Dxm `Kmx2 ´ 2xmpKxq `Km
`
z2 ´ ǫ2˘ , (7.3)
where Λmn “ ´Λmn, Pm, Km, D are opdq constant tensors that parameterize algebra opd`
1, 1q. This particular parameterization turns out to be convenient from the boundary
geometry perspective because Λmn and Pm are then identified with parameters of Lorentz
boosts and translations in Rd space, while Km and D with those of special conformal and
scale transformations.
Global opd ` 1, 1q transformations of the bulk hook field ϕµν, ρpxq are defined in a
standard fashion,
δGξ ϕµν, ρpxq “ Lξϕµν, ρpxq ” ξγBγϕµν, ρpxq`
` Bµξγϕγν, ρpxq ` Bνξγϕµγ, ρpxq ` Bρξγϕµν, γpxq ,
(7.4)
as the Lie derivative with respect to the Killing field ξµ given by (7.2) and (7.3).
In Section 5.2 we established that almost all opd ` 1q components of the original field
have vanishing boundary values. The only component with non-vanishing boundary value
is given by hook component ϕij,kpz,xq, see (5.2). It follows that this particular component
transformation law read off from (7.4) takes the following form
δGξ ϕmn, lpz,xq “ Lξϕmn, lpz,xq ` ξ0Bzϕmn, lpz,xq´
´1
2
Bmξ0ϕnlpz,xq ´ 1
2
Bmξ0ϕnlpz,xq ` Blξ0ϕmnpz,xq ,
(7.5)
where Lξ denotes the Lie derivative evaluated with respect to Killing vector components
(7.3). Using (D.10) and (D.14) one finds that in the limit ǫ Ñ 0 last three terms tend to
zero, see (5.7) and (5.6). Then, using Killing vector z-component (7.2) in momentum space
we find that the leading contribution to
ξ0Bzϕij,kpz,kq
ˇˇˇ
z“ǫ
„ ǫBzϕij,kpz,kq
ˇˇˇ
z“ǫ
“ Λp´1qij,k pkq “ 0 (7.6)
vanishes identically by virtue of (6.10), (6.11). As a result, transformation law (7.4) induced
on the boundary in the limit ǫÑ 0 takes the form
δGξ πij,kpxq “ Lξϕij,kpxq . (7.7)
It implies that boundary tensor field πij,kpxq has a scale dimension ∆s “ 0 (for discussion
of transformation properties of mixed-symmetry primary fields in the present context see
[6]). Recalling that scale dimensions of conformal partners in d dimensions are related as
∆s `∆p “ d, one immediately obtains that the conformal partner for the initial value has
scale dimension ∆p “ d.
On the other hand, action (2.6) is invariant under global opd` 1, 1q symmetry transfor-
mations and this invariance transmutes into global invariance of the on-shell action (6.5).
Then dual scale dimension ∆s “ 0 guarantees that conformal partners for boundary values
πij,kpkq are primary conformal hook fields Oij,kpkq of critical dimensions ∆p “ d, while their
two-point correlation functions are given by (6.6). As expected, this particular conformal
dimension exactly coincides with the vacuum energy of massless hook field in AdSd`1.
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Relations (7.6) are literally valid for non-integer ν “ d{2 only. In even dimensions the
normal derivative evaluated in momentum space contains logarithmic contribution (6.17).
However, using Fourier transform back to position space based on the differential regu-
larization (G.19) one restores regular ǫ-behavior so for even boundary dimensions formula
(7.7) remains formally valid in the limit ǫÑ 0.
7.2 Local symmetries
Radial gauge fixing (3.3) gives rise to residual gauge transformations. To find their explicit
form one solves equations which express the fact that local variations of the gauge fixing
conditions are to be compensated by global variations,
δGϕ00,ipxq “ δLϕ00,ipxq , δGϕ0ri,jspxq “ δLϕ0ri,jspxq , (7.8)
where local variations are read off from the gauge transformation law (2.3). Then, it follows
that the gauge fixing conditions remain intact against transformations (7.1).
To solve conditions (7.8) one represents transformation law (2.3) in the following form
δLϕµν, ρpxq “ Bµχνρpxq ´ Bνχµρpxq ´ 2Γγµνχγρpxq ´ Γγµρχνγpxq ´ Γγνρχµγpxq , (7.9)
where Christoffel symbols are given by (A.1). Decomposing original opd, 1q gauge parameter
into opdq components as χmnpxq “ ´χnmpxq and χmpxq ” χ0mpxq, one obtains that vector
and antisymmetric parameters transform as
δLϕ00,mpz,xq “ 2
z
´
Nz ` 2
¯
χmpz,xq , Nz “ z d
dz
,
δLϕ0rm,nspz,xq “ 2
z
´
Nz ` 3
¯
χmnpz,xq ` Brmχnspz,xq .
(7.10)
On the other hand, using (7.4) one obtains that global transformations for these components
are given by
δGϕ00,mpz,xq “ ´2zKnϕnmpz,xq ,
δGϕ0rm,nspz,xq “ 2zK lϕlrm,nspz,xq ,
(7.11)
where symmetric and hook field components (more precisely, their Fourier transforms)
are given by solutions (D.10) and (D.16), and Km is a constant parameter of the special
conformal transformation, see (7.3).
Consider now conditions (7.8). The first equation in (7.8) is inhomogeneous linear
equation, `
Nz ` 2
˘
χmpz,xq “ ´z2Knϕnmpz,xq , (7.12)
and its general solution is given by
χnpz,xq “ ´
ż
1
0
dt t3z2Kmϕmnptz,xq ` gnpǫ,xq
z2
, (7.13)
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where gnpz,xq is an arbitrary vector function representing the general solution to homoge-
neous equation (7.12). The second equation in (7.8) is
`
Nz ` 3
˘
χmnpz,xq “ z2K lϕlrm,nspz,xq ´ z
2
Brmχnspz,xq , (7.14)
and its general solution is given by
χmnpz,xq “
ż
1
0
dt t4z2K lϕlrm,nsptz,xq ´ 1
2
ż
1
0
dp p3zBrmχnsppz,xq ` fmnpǫ,xq
z3
, (7.15)
where fmnpǫ,xq is an arbitrary antisymmetric function representing the general solution to
homogeneous equation (7.14). We conclude that there is a solution for gauge and global
parameters that leaves the gauge fixing conditions (3.3) intact.
Let us now discuss the boundary behavior of parameters (7.13) and (7.15). Discussion
in section 5.2 allows one to conclude that
χmpz,xq
ˇˇˇ
z“ǫÑ0
“ ǫ´2gmpǫ,xq , χmnpz,xq
ˇˇˇ
z“ǫÑ0
“ ǫ´3fmnpǫ,xq . (7.16)
To avoid poles in ǫ one fixes ǫ-dependence of functions gmpǫ,xq and fmnpǫ,xq as follows
gmpǫ,xq “ ǫ3ϑipxq ` ... , fmnpǫ,xq “ ǫ3ζmnpxq ` ... , (7.17)
where the dots stand for higher order terms in ǫ, and ϑmpxq and ζmnpxq are arbitrary
boundary tensors. The first decomposition in (7.17) is explained by the form of the gauge
transformation for the hook component read off from (7.9),
δLϕmn, kpz,xq “ Bmχnkpz,xq ` Bnχmkpz,xq
´1
z
´
2δmnχkpz,xq ´ δmkχnpz,xq ´ δnkχmpz,xq
¯
,
(7.18)
where gauge parameters are given by (7.13) and (7.15). We see that the right hand side
of the above expression is not singular iff parameter gmpz,xq has asymptote (7.17) in the
limit ǫÑ 0: this is why the first decomposition in (7.17) starts from ǫ3 and not from ǫ2 as
one might conclude from (7.16).
It is remarkable that apart from a derivative part defined by gauge parameter ζmnpxq
the transformation law (7.18) restricted to the boundary contains also an algebraic (Stueck-
elberg) part defined by an independent parameter ϑmpxq,
δLϕmn, kpxq “ Bmζnkpxq ` Bnζmkpxq ´
´
2δmnϑkpxq ´ δmkϑnpxq ´ δnkϑmpxq
¯
. (7.19)
One observes that Stueckelberg parameters are sufficient to gauge away the trace of bound-
ary hook tensor ϕij, kpxq. This is why in Section 5 we have chosen the boundary value of
the hook component to be traceless, see (5.2).
This phenomenon has not been discussed earlier in the literature despite the fact that
Stueckelberg-like transformations for tensors on the boundary directly arise from covariant
derivatives contained in original bulk gauge transformations, cf. formula (7.9). It follows
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that Stueckelberg-like transformations allow one to make boundary value tensors traceless.
In particular, for the massless spin-2 case considered [17, 18, 20] the trace of symmetric
boundary tensor can be shifted to zero by virtue of the Stueckelberg-like transformation
and does not need to be analyzed at all.
Then, it follows that the leftover gauge transformations projected on the boundary hook
traceless tensor πmn, lpxq are given by
δLπmn, lpxq “ Bmζnlpxq ` Bnζmlpxq´
´ 1
d´ 1
”
2δmnBkζklpxq ´ δmlBkζknpxq ´ δnlBkζkmpxq
ı
,
(7.20)
where ζmnpxq is antisymmetric leftover gauge parameter ζmn “ ´ζnm, and both side of
(7.20) have hook symmetry and vanishing traces.
8 Action for conformal gauge hook fields
Following totally symmetric field analysis of [17, 38] we regularize the effective action which
is ill-defined in even dimensions and identify the prefactor of its singular part with the gauge
invariant action for conformal hook fields πmn, kpxq. In this way we reconstruct the action
known previously in the literature [24] (see formula (8.3) below).
In even dimensions functions 1{xd`2m, where m “ 0, 1, 2, ..., are ill-defined as distri-
butions (see, e.g., [39]). In our case parameter m takes values m “ d{2, d{2 ´ 1, d{2 ´ 2,
..., and the main idea to treat such distributions is to use formula (G.6) in order to power
down 1{xd`2m to 1{xd. In its turn, function 1{xd can be treated according to one or another
regularization scheme. For instance, one can employ the dimensional regularization and
represent 1{xd „ 1
σ
δpxq`finite part, where d´rds “ ´2σ, and rds is integer. The finite part
can be defined using the differential regularization described in Appendix G. The singular
part is given by
1
|x ´ y|d`2m
σÑ0“ τm lmx
” sd
2σ
δpx´ yq
ı
, (8.1)
where coefficient τm is given by (G.6), and sd is a surface area of a unit S
d´1 sphere. Also,
one can obtain regularization formulas for functions of the type x´d´2mxi1 ...xik appearing
in the two-point correlator (6.14), (6.15) just by successively acting with derivatives Bi on
the basic regularization relation (8.1).
Applying the above regularization scheme one finds that modulo a non-vanishing nor-
malization, the coefficient in the singular part of the effective action kernel (6.20) is iden-
tified with the following action
Sconf “
ż
ddxLconf , (8.2)
where the Lagrangian is given by
Lconf “ πij,k l d2 πij,k ` 2Bmπmi,jl d2´1Bnπni,j
`d` 1
d´ 2 B
mπij,m l
d
2
´1 Bnπij,n ` 3
2
BiBjπij,k l d2´2 BmBnπmn,k .
(8.3)
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Conformal invariance of original effective action (6.20) and critical conformal dimension
guarantee that this Lagrangian is conformally invariant and gauge invariant under the
gauge transformation (7.20) that can also be checked by a direct computation.
To conclude this section it is worth to comment that the above consideration sug-
gests that gauge invariant actions for conformal fields of arbitrary mixed-symmetry type in
Minkowski spacetime of even dimensions built in [24] can be systematically reconstructed by
the regularization procedure applied to two-point correlation functions of mixed-symmetry
primary fields. Indeed, it can be shown that two-point correlators of two primaries are
entirely expressed via matrix (6.8) just by maintaining Young symmetry and trace proper-
ties (see [6] for detailed discussion of the case of mixed-symmetry primary fields described
by hook Young diagrams of arbitrary length and height). By construction, such a corre-
lator contracted with two shadow fields is conformally invariant being in fact the effective
boundary action. Then, applying the regularization procedure described above one directly
obtains conformally invariant quadratic action for shadow fields. For critical conformal di-
mensions shadow fields are gauge fields so respective action is also gauge invariant.
9 Conclusions
In this paper we have explicitly considered free mixed-symmetry field dynamics from the
holographic perspective. The analysis has been performed for the simplest hook field within
the metric-like formulation. In particular, we have defined the radial gauge fixing that turns
out to be convenient when solving the Dirichlet boundary problem. Having explicit solution
to the Dirichlet problem allowed us to analyze subtleties related to the BMV mechanism
inherent to mixed-symmetry field dynamics. As the main outcome, we have found the set
of initial values to be identified with shadow fields living on the boundary and computed
corresponding effective action thereby constructing two-point correlation functions. As a
by-product, we have analyzed the bulk/boundary symmetry transmutation and identified
the singular part of the effective action in even boundary dimensions with gauge invariant
action for conformal hook fields known in the literature.
The results obtained in this paper could be extended along the following lines. First,
it would be interesting to consider the case of AdS5 massless hook field dynamics which is
relevant in the context of N ě 2-extended 5d higher spin theories, see, e.g., [40, 34]. In this
case the metric-like quadratic action can be represented in first order form [41] so that the
holographic analysis should resemble consideration of massive 2-form fields in AdS5 [42].
Second, the present consideration can be potentially extended beyond the free field level.
Indeed, up to now some consistent interaction vertices of massless mixed-symmetry fields
between themselves and with the gravity are known in the cubic approximation [34, 35].
Third, one can use the incomplete solution found in Section C to explore other boundary
conditions, including Neumann conditions and other non-standard cases.
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discussions. Also, I am grateful to M. Grigoriev, V. Didenko, M. Kalenkov, E. Skvortsov,
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A AdSd`1 spacetime in Poincare coordinates
The Christoffel symbols associated with the AdSd`1 geometry defined by the metric in
Poincare form (2.1) are given by
Γρµν “ ´
1
z
pδ0µδρν ` δ0νδρµ ´ δ0ρδµνq , (A.1)
Γkij “ 0 , Γi0j “ ´
1
z
δij , Γ
0
ij “
1
z
δij , Γ
0
00
“ ´1
z
, (A.2)
and satisfy the following relations
BµΓαβγ “ ´
1
z
δ0µΓ
α
βγ , g
γρΓαγρ “
pd´ 1qz
R2
δ0α , Γγγα “ ´
d` 1
z
δ0α . (A.3)
By definition, a covariant derivative is ∇µTν “ BµTν ´ ΓρµνTρ, where Tν is a covector. The
Riemann curvature Rρλµν “ BµΓρλν ´ ... has the form
Rρλµν “ 1
R2
pδρνgλµ ´ δρµgλνq , (A.4)
while the Ricci tensor, scalar curvature, and the cosmological constant are
Rµν “ ´ d
R2
gµν , R “ ´dpd` 1q
R2
, Λ “ dpd´ 1q
R2
. (A.5)
Here we used the AdSd`1 background Einstein equations of motion Rµν ` Λ
d´ 1gµν “ 0.
Using explicit form of Riemann curvature and following standard definitions r∇µ,∇νsTρ “
´TλRλρµν and r∇µ,∇νsT ρ “ T λRρλµν , one obtains
r∇µ,∇νsTρ “ ´ 1
R2
pgµρTν ´ gνρTµq , r∇µ,∇νsT ρ “ ´ 1
R2
pδρµTν ´ δρνTµq . (A.6)
Since rBµ, Bνs “ 0 and Bµ “ gµνBν it follows that
rBµ, Bνs “ 2
z
gµ0Bν ´ 2
z
gν0Bµ , rBi, Bzs “ ´2
z
Bi . (A.7)
B Component form of the field equations
B.1 Main equations of motion
Below we rewrite equations of motion (2.10), (2.11) and constraints (2.9) according to index
splitting µ, ν, ... to 0 and i, j, .... All tensor fields are Fourier transformed Φ “ Φpz,kq (4.3)
and comma derivatives are given by Bm “ ikm.
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Sector µ “ i, ν “ j, ρ “ k. Equations (2.10) take the form
Eij,k ”
”
B2z ´
d´ 7
z
Bz ´ k2
ı
ϕij,k ` kikmϕmj,k ` kjkmϕmi,k ` i
2
`
kiBzϕjk ` kjBzϕik
˘`
´kikjϕk ` i6 ´ d
2z
kiϕjk ` i6´ d
2z
kjϕik ´ 2i
z
kkϕij ´ i
z
δijk
mϕmk ` i
z
δikk
mϕmj ` i
z
δkjk
mϕmi
´ i
z
δjkkiϕ0 ´ i
z
δikkjϕ0 ´ 1
z
δijBzϕk ` p9´ 3dq
z2
ϕij,k ´ 3
z2
δijϕk “ 0 .
(B.1)
Here k2 “ δijkikj is the momentum space realization of the D’Alambertean operator ∇2.
By contracting the above equation with δij one obtains
Eii,k ”
”
B2z `
7´ 2d
z
Bz ´ 2k2
ı
ϕk ` 2kmknϕmn,k ` ikmBzϕmk
´4
z
Bkϕ0 ` i8´ 2d
z
kmϕmk ` 9´ 6d
z2
ϕk “ 0 .
(B.2)
Sector µ “ i, ν “ j, ρ “ 0. Equations (2.10) take the form
Eij, 0 ”
”
B2z `
8´ d
z
Bz ´ k2
ı
ϕij ` kjkmϕmi ` kikmϕmj ´ kikjϕ0
`3i
z
kmϕij,m ` 3i
2z
pkiϕj ` kjϕiq ´ 1
z
δijBzϕ0 ` 16´ 5d
z2
ϕij ´ 5
z2
δijϕ0 “ 0 .
(B.3)
By contracting the above equation with δij one obtains
Eii,0 ”
”
B2z `
8´ 2d
z
Bz ´ 2k2
ı
ϕ0 ` 6i
z
kmϕm ` 2kmknϕmn ` 16´ 10d
z2
ϕ0 “ 0 . (B.4)
Sector µ “ 0, ν “ 0, ρ “ i. Equations (2.10) take the form
E00,i ” B2zϕi `
5
z
Bzϕi ` ikmBzϕmi ` 2i
z
kmϕmi ` 3
z2
ϕi “ 0 . (B.5)
Sector µ “ 0, ν, ρ “ ri, js. In what follows, antisymmetrization comes with a unit weight.
Equations (2.10) take the form
E0rj,ks ” ´1
2
´
kjk
mϕmk ´ kkkmϕmj
¯
` i
´
kmBzϕmk,j ´ kmBzϕmj,k
¯
´3i
z
´
kmϕmj,k ´ kmϕmk,j
¯
` 3i
z
´
kjϕk ´ kkϕj
¯
` i
´
kjBzϕk ´ kkBzϕj
¯
“ 0 .
(B.6)
Sector µ “ 0, ν “ 0, ρ “ 0. In this case equations (2.10) reduce to
E00,0 ” B2zϕ0 `
6
z
Bzϕ0 ` 6
z2
ϕ0 “ 0 , (B.7)
and the left-hand-side of this relation vanishes by virtue of constraints, see discussion after
formula (2.11).
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B.2 Trace equations
Scalar and vector components of trace equation (2.11) are given by
E0 ”
”
B2z `
7´ d
z
Bz ´ k2
ı
ϕ0 ` 3i
z
kmϕm ` kmknϕmn ` 11´ 5d
z2
ϕ0 “ 0 , (B.8)
Ei ”
”
B2z `
6´ d
z
Bz ´ k2
ı
ϕi ` kmknϕmn,i ` ikmBzϕmi´
´2i
z
kiϕ0 ` i5´ d
z
kmϕmi ` 6´ 3d
z2
ϕi “ 0 .
(B.9)
As a consistency check one may make sure that trace relations valid in opd, 1q notation are
rewritten in opdq notation as Eii,0 ` E00,0 “ 2E0, where Eii,0 and E00,0 are given by (B.4)
and (B.7), and E0 is given by (B.8). Also, E
i
i,k ` E00,k “ 2Ek, where Eii,k is a trace of
Eij,k given by (B.2) and Ek is given by (B.9).
B.3 Differential constraints
Component form of constraints (2.9) is given by
1
2
T00 ”
`Bz ` 2
z
˘
ϕ0 “ 0 , (B.10)
T0i ”
´
´ ikmϕmi ` Bzϕi ` ikiϕ0 ` 3
z
ϕi
¯
“ 0 , (B.11)
1
2
Tij ” Bzϕij ` ikmϕij,m ` i
2
`
kiϕj ` kjϕi
˘´ 1
z
δijϕ0 ´ d´ 4
z
ϕij “ 0 , (B.12)
and
T ” Bzϕ0 ` ikmϕm ´ d´ 3
z
ϕ0 “ 0 . (B.13)
It is obvious that adding up traces yields T 00 ` T ii “ 4T .
C Incomplete solution to equations and constraints
C.1 Trace components
Solution to constraints (B.10) and (B.13) can be represented in the form,
ϕ0pz,kq “ Cpǫ,kq
z2
, ikmϕmpz,kq “ d´ 1
z
ϕ0pz,kq , (C.1)
where Cpǫ,kq is an arbitrary function of momenta. Recalling that the boundary is displaced
into the bulk, we observe that function Cpǫ,kq depends also on the cutoff parameter ǫ which
is a boundary value for the z-variable. In this case it regulates how the function approaches
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the boundary plane z “ ǫ. From expressions (C.1) it follows that kmϕm is a homogeneous
function: pzBz ` 3qkmϕm “ 0. Then, using constraint (B.11) one finds the relation
ikmϕmi “ zBz ` 3
z
ϕi ` ikiϕ0 . (C.2)
Taking the divergence BiT0i “ 0 and using homogeneity of Bmϕm one finds that symmetric
component ϕj satisfies the relation
kmknϕmn “ k2ϕ0 . (C.3)
Taking the above relations into account one shows that divergence kmE00,m of equation
(B.5) vanishes identically.
Substituting (C.1) and (C.2) back into the equation (B.5) one finds
B2zϕi `
5
z
Bzϕi ` 3
z2
ϕi “ 0 . (C.4)
The general solution is searched for in the form „ zα, where α is an index of power.
Associated quadratic equation has roots α “ t´1,´3u so that one obtains the solution,
ϕipz,kq “ Aipǫ,kq
z
` Bipǫ,kq
z3
, (C.5)
where Aipǫ,kq and Bipǫ,kq are arbitrary functions of momenta.
We see that the trace of ϕµν,ρpz,kq is a simple function of z. It is instructive to compare
z-dependence of ϕρpz,kq (recall that its opdq components are ϕipz,kq and ϕ0pz,kq ) with
those of other fields considered previously. So the authors of [17] claimed a trace of massless
graviton field hµν diverges on the boundary and simply set it to zero. However, in [18] it
has been noted that the trace behavior is more subtle and requires additional analysis.
Indeed, in [20] it has been explicitly shown that the trace depends on z quadratically. On
the other hand, in the massive graviton case considered in [21] the trace is proportional
to the non-trivial ratio of modified Bessel functions similar to solution of a scalar field
equation in AdSd`1.
To conclude this paragraph we write down several expressions useful for the further
analysis. Using (C.2) and taking the divergence BiTij “ 0 of constraint (B.12) one obtains
kmknϕmn,i “ k2ϕi ` kipkmϕmq ` 2i
z
kiϕ0 ` i2pd´ 2q
z
kmϕmi . (C.6)
In particular, one shows that the right-hand-side of the above relation satisfies Young
symmetry condition kmknkiϕmn,ipz,kq “ 0. Substituting (C.6) and the previously obtained
relations into equation (B.9) yields identity. Constraint (B.12) gives rise to
ikmϕij,m “ ´Bzϕij ´ i
2
`
kiϕj ` kjϕi
˘` 1
z
δijϕ0 ` d´ 4
z
ϕij . (C.7)
27
C.2 Symmetric component
Let us study the z-dependence of the symmetric component ϕijpz,kq. To this end, taking
into account the trace solutions we reconsider equation (B.3). It can be cast into the form,
Eˆsϕij “ Yij , (C.8)
where (in)homogeneous parts are defined by
Eˆs “
”
B2z `
5´ d
z
Bz ` 4´ 2d
z2
´ k2
ı
, Yij “ ´kjkmϕim ´ kikmϕmj ` kikjϕ0 . (C.9)
For a given tensor field we find a traceless and transverse (TT) decomposition [18],
ϕij “ ϕ¯ij ` kik
m
k2
ϕmj ` kjk
m
k2
ϕmi ´ kikjk
mkn
k4
ϕmn`
` 1
d´ 1
´
δij ´ kikj
k2
¯´
ϕ0 ´ k
mkn
k2
ϕmn
¯
,
(C.10)
where ϕ¯ij is a TT tensor, i.e., it satisfies k
iϕ¯ij “ 0 and δijϕ¯ij “ 0.
The following lemma holds.
Lemma C.1. Traceless and transverse symmetric tensor ϕ¯ij defined by (C.10) satisfies
homogeneous differential equation
Eˆsϕ¯ijpz, kq “ 0 , (C.11)
where operator Eˆs is given by (C.9).
The proof of the lemma is straightforward. A combination ϕij´ϕ¯ij read off from the TT-
decomposition is a particular integral of (C.8), while a general integral of the homogeneous
equation is given by 7
ϕ¯ijpz,kq “ zν´2KνpzkqFijpǫ,kq , ν “ d
2
, (C.12)
where Fijpǫ,kq is some symmetric TT tensor on the boundary and Kνpyq is modified Bessel
function of the second kind (see Appendix E). Using relations (C.2) and (C.3) along with
the TT-decomposition (C.10) one obtains the z-dependence of the symmetric component
ϕijpz,kq “ zν´2KνpzkqFijpǫ,kq ´ i zBz ` 3
z
kiϕjpz,kq ` kjϕipz,kq
k2
` kikj
k2
ϕ0pz,kq . (C.13)
7 Second order equation (C.11) has two linearly independent solutions, modified Bessel functions of first
and second kinds. The reason for choosing modified function of second order Kνpzq is that it exponentially
decays for z Ñ 0, while another branch exponentially blows up for z Ñ 0, and therefore is discarded.
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C.3 Divergence relations
To establish z-dependence of the hook component one proceeds along the same lines as
with the symmetric component. For this purpose, one needs to find an expression for
the divergence kmϕmi,jpz,kq that enters the inhomogeneous part of the equation (B.1).
To treat a non-symmetric tensor with two indices one decomposes it into symmetric and
antisymmetric parts in a standard fashion,
kmϕmi,j “ 1
2
pkmϕmi,j ` kmϕmi,jq ` 1
2
pkmϕmi,j ´ kmϕmj,iq ” 1
2
Sij ` 1
2
Aij . (C.14)
Compute first the antisymmetric part. To this end, using (C.2) we cast equation (B.6) into
the following form,
pzBz ` 3qA˜kj “ 0 , A˜ij ” Aij ´ 3
2
Hij , Hij ” kiϕj ´ kjϕi . (C.15)
This differential equation is solved as A˜ijpz,kq “ z´3aijpǫ,kq, where aijpǫ,kq is some arbi-
trary antisymmetric boundary tensor. Therefore, the antisymmetric part of kmϕmi,jpz,kq
is given by
Aijpz,kq “ aijpǫ,kq
z3
` 3
2
`
kiϕjpz,kq ´ kjϕipz,kq
˘
. (C.16)
In order to find symmetric part Sij we note that by virtue of Young symmetry properties
of ϕij,k it is equal to Sijpz,kq “ ´kmϕij,mpz,kq. This combination follows from (C.7),
iSijpz,kq “ ´Bzϕijpz,kq´ i
2
pkiϕjpz,kq`kjϕipz,kqq`1
z
δijϕ0pz,kq`d ´ 4
z
ϕijpz,kq . (C.17)
Gathering everything together, one obtains the final expression for divergence (C.14),
kmϕmi,jpz,kq “ 1
2
aijpǫ,kq
z3
` 3
4
`
kiϕjpz,kq ´ kjϕipz,kq
˘
` i
2
Bzϕijpz,kq ´ 1
4
pkiϕjpz,kq ` kjϕipz,kqq ´ i
2z
δijϕ0pz,kq ´ id´ 4
2z
ϕijpz,kq .
(C.18)
C.4 Hook component
In this paragraph we analyze a TT-decomposition for the hook component and substitute
it into equation (B.1). To this end, one represents (B.1) as follows
Eˆh ϕij,k “ Yij|k , (C.19)
where homogeneous part is defined by
Eˆh “
”
B2z ´
d´ 7
z
Bz ` l ` p9´ 3dq
z2
ı
, (C.20)
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while the inhomogeneous part Yij|k can be easily read off from original equation (B.1).
Note that analogously to the symmetric component case, Yij|k is obtained by using the
trace solutions. Next, we find the following TT-decomposition for the hook tensor,
ϕij,k “ ϕ¯ij,k ` 1
k2
´
kik
mϕmj,k ` kjkmϕim,k ` kkkmϕij,m
¯
´ 1
k4
´
kikjk
mknϕmn,k ´ 1
2
kikkk
mknϕmn,j ´ 1
2
kjkkk
mknϕmn,i
¯
` 1
d´ 2
´
δij ´ kikj
k2
¯´
ϕk ´ 1
k2
kmknϕmn,k ´ kk
k2
kmϕm
¯
´ 1
2pd´ 2q
´
δik ´ kikk
k2
¯´
ϕj ´ 1
k2
kmknϕmn,j ´ kj
k2
kmϕm
¯
´ 1
2pd´ 2q
´
δjk ´ kjkk
k2
¯´
ϕi ´ 1
k2
kmknϕmn,i ´ ki
k2
kmϕm
¯
,
(C.21)
where ϕ¯ij,k is a TT tensor, i.e., it satisfies k
iϕ¯ij,k “ 0 and δijϕ¯ij,k “ 0.
Lemma C.2. Traceless and transverse hook tensor ϕ¯ij,k defined by (C.21) satisfies homo-
geneous differential equation
Eˆhϕ¯ij,kpz, kq “ 0 , (C.22)
where operator Eˆh is given by (C.20).
The proof of the lemma is straightforward but technically cumbersome. A combination
ϕij,k ´ ϕ¯ij,k read off from the TT-decomposition is a particular integral of (C.19), while a
general integral of the homogeneous equation is given by
ϕ¯ij,kpz,kq “ zν´3KνpzkqGij,kpǫ,kq , ν “ d
2
, (C.23)
where Gij,kpǫ,kq is some hook TT tensor on the boundary and Kνpyq is the modified Bessel
function of the second kind.
Using various relations obtained in the previous paragraphs one derives the on-shell
version of TT decomposition for the hook component,
ϕij,k « ϕ¯ij,k ` 1
k2
´
kikmϕ
m
j,k ` kjkmϕim,k ` kkkmϕij,m ´ kikjϕk ` 1
2
kikkϕj ` 1
2
kjkkϕi
¯
`
´2pd´ 2qkikj
k4
Zk ` pd´ 2qkkkj
k4
Zi ` pd´ 2qkkki
k4
Zj
´ 2
k2
´
δij ´ kikj
k2
¯
Zk ` 1
k2
´
δik ´ kikk
k2
¯
Zj ` 1
k2
´
δjk ´ kjkk
k2
¯
Zi ,
(C.24)
where notation Zi “ z´2pzBz ` 3qϕi is introduced, and « means an on-shell equality. TT
tensor ϕ¯ij,kpz,kq is given by (C.23), the trace ϕkpz,kq is given by (C.5), and the divergences
are given by (C.7), (C.18).
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D Complete solution to equations and constraints
D.1 Useful notation
We use several combinations of the master boundary tensor (5.2) that define boundary
tensor structure of various components and their divergences,
Lijpkq “ kmπij,mpkq , Lipkq “ kmknπmn,ipkq ,
Yijpkq “ kiLjpkq ´ kjLipkq , Sijpkq “ kiLjpkq ` kjLipkq ,
Tijpkq “ kmπmi,jpkq ´ kmπmj,ipkq , Mijpkq “ 2Lijpkq ` 1
k2
Sijpkq ,
Mij,kpkq “ 2kikjLkpkq ´ kikkLjpkq ´ kjkkLipkq ,
Zij,kpkq “ 2δijLkpkq ´ δikLjpkq ´ δjkLipkq .
(D.1)
These tensors have the following properties. These are either symmetric, Srmns“0, Mrmns“0,
or antisymmetric Ypmnq “ 0, Tpmnq “ 0, or hook symmetric, Mpmn,kq “ 0, Zpmn,kq “ 0.
There are also some obvious contractions useful in practice, kmLm “ 0, 2kmLmn “ ´Ln,
2kmTmn “ 3Ln, kmSmk “ k2Lk, δmnSmn “ 0, δmnMmn “ 0, and kmMmn “ 0.
D.2 Trace components, part I
As the master boundary tensor is traceless (5.2) one observes that arbitrary functions
defining the traces are expressed in terms of boundary tensors (D.1) in the following way,
Aipǫ,kq “ apǫ,kqLipkq , Bipǫ,kq “ bpǫ,kqLipkq , Cpǫ,kq “ 0 , (D.2)
where Lipkq is given by (D.1), and apǫ,kq, bpǫ,kq are new unknown functions. Note that by
virtue of Young symmetry of the master boundary tensor one derives constraints kmAm “
kmBm ” 0, which, however, admit local solutions (D.2). Function C vanishes since it is
impossible to build a scalar from traceless πij,k via contracting it with momenta. Therefore,
a scalar component of the trace is zero,
ϕ0pz,kq “ 0 . (D.3)
D.3 Symmetric component
Consider now symmetric component (C.13). Using (D.1) one can represent TT tensor
Fijpǫ,kq as proportional to a TT part of Lijpkq “ kmπij,mpkq in the following way,
Fijpǫ,kq “ F pǫ,kqϕ¯ijpkq , (D.4)
where F pǫ,kq is a new unknown function, and the combination,
ϕ¯ijpkq “ Lijpkq ` 1
2k2
Sijpkq , (D.5)
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is traceless and transverse. Then, solution (C.13) can be cast into the form
ϕijpz,kq “ 1
z2
KνpzkqF pǫ,kqϕ¯ijpkq ´ 2iapǫ,kq
z2k2
Sijpkq , (D.6)
where new modified Bessel function Kν is defined by (E.2). Using vanishing trace (D.3)
one finds that symmetric divergence relation (C.17) takes the form
ikmϕij,mpz,kq “ ´W pzkqKνpzkq
z3
F pǫ,kqϕ¯ijpkq
´2ipd´ 2qapǫ,kq
z3k2
Sijpkq ´ iapǫ,kq
2z
Sijpkq ´ ibpǫ,kq
2z3
Sijpkq ,
(D.7)
where function W pzkq is given by (E.2).
The divergence relation (D.7) is required to be well-defined when z is approaching
the boundary. For small ǫ Ñ 0 the left-hand-side of this relation is finite and equals
iLijpkq, while finiteness of the right-hand-side requires F pǫ,kq “ ǫ3F˜ pkq` ... and apǫ,kq “
ǫ3a˜pkq ` ..., where tildes denote some ǫ-independent fixed tensors on the boundary and
the dots stand for the higher order terms in the cutoff parameter, cf. formula (E.5). In
particular, such a boundary behavior implies that symmetric component tends to zero at
ǫÑ 0.
Requiring identical tensor structures on both sides of divergence relation (D.7) in the
point z “ ǫ yields the following constraints,
F pǫ,kq “ ´ iǫ
3
W pǫkqKνpǫkq , (D.8)
k2
ǫ3
bpǫ,kq `
´k2
ǫ
` 4pd´ 2q
ǫ3
¯
apǫ,kq ´ 1 “ 0 , or, apǫ,kq “ ǫ
3 ´ bpǫ,kqk2
ǫ2k2 ` 4pd´ 2q . (D.9)
Indeed, using decomposition (D.5) one shows that adjusting the boundary values of both
sides in (D.7) yields the coefficient (D.8) in front of Lijpkq, while the group of terms
proportional to Sijpkq is to vanish that produces constraint (D.9). We see that these
functions conform to the pattern of the small ǫ behavior discussed above.
Writing down the resulting expression for the symmetric component,
ϕijpz,kq “ ´i
´ ǫ
z
¯2 ǫ
W pǫkq
Kνpzkq
Kνpǫkq ϕ¯ijpkq ´
2i
z2
apǫ,kq
k2
Sijpkq , (D.10)
and using (D.5) we find its boundary value
ϕijpǫ,kq “ ´ i
2
ǫ
W pǫkq
´
2kmπij,m ` kik
mknπmn,j ` kjkmknπmn,i
k2
¯
´2i
ǫ2
´kikmknπmn,j ` kjkmknπmn,i
k2
¯
apǫ,kq .
(D.11)
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We assume that function apǫ,kq is analytical with respect to k so the idea is to find such
apǫ,kq that all poles in momenta cancel each other. Since the leading term in the small ǫ
decomposition of function W (E.2) is given by
W pǫkq “ ´pd´ 2q ` ... , (D.12)
it follows that all poles in (D.11) disappear provided that
apǫ,kq “ ǫ
3
4pd´ 2q , bpǫ,kq “ ´
ǫ5
4pd´ 2q . (D.13)
Note that the above procedure fixes function apǫ,kq while function bpǫ,kq is determined by
equation (D.9).
D.4 Trace components, part II
Substituting (D.13) into (C.5) and (D.2), one finds the final solution for a vector component
of the trace,
ϕipz,kq “ ǫ
3
4pd´ 2q
”1
z
´ ǫ
2
z3
ı
Lipkq . (D.14)
Recall that a scalar trace component vanishes, (D.3).
D.5 Hook component
Using the boundary condition (5.2) one finds that the boundary value of TT-component
ϕ¯ij,k “ ϕ¯ij,kpkq read off from (C.21) is given by
ϕ¯ij,k “ πij,k ´ 1
k2
`
kik
mπmj,k ` kjkmπmi,k ` kkkmπij,m
˘`
` 1
k4
`
kikjπk ´ 1
2
kikkπj ´ 1
2
kjkkπi
˘` 1
2pd´ 2q
1
k2
`
2Πijπk ´ Πikπj ´ Πjkπi
˘
,
(D.15)
where we introduced projector Πij “ δij ´ kikj{k2. Then, the form (with some terms
written implicitly) of the hook component read off from the on-shell version of the TT
decomposition (C.24), (C.23) is
ϕij,kpz,kq “
´ ǫ
z
¯3Kνpzkq
Kνpǫkq ϕ¯ij,kpkq `
1
k2
`
kik
mϕmj,k ` kjkmϕmi,k ` kkkmϕij,m
˘pz,kq
´apǫ,kq
2k2
´1
z
` 1
z3
´4pd´ 3q
k2
´ ǫ2
¯¯
Mij,kpkq ´ 2
z3
apǫ,kq
k2
Zij,kpkq ,
(D.16)
where Lipkq, Mij,kpkq, and Zij,kpkq are given by (D.1). To derive (D.16) we used the trace
solution obtained in the previous section. Explicit expressions for divergences occurring in
the right-hand-side are given by
kmϕij,mpz,kq “ 1
2
´ ǫ
z
¯3W pzkq
W pǫkq
Kνpzkq
KνpǫkqMi|jpkq´
”2pd´ 2q
z3
apǫ,kq
k2
` bpǫ,kq
2z3
` apǫ,kq
2z
ı
Sijpkq ,
(D.17)
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and
kmϕmri, jspz,kq “
´ ǫ
z
¯3
Tijpkq ` 3
2
´apǫ,kq
z
´ ǫ
2apǫ,kq
z3
¯
Yijpkq , (D.18)
so that the full non-symmetric divergence combination is given by
kmϕmi,jpz,kq “ 1
4
´ ǫ
z
¯3W pzkq
W pǫkq
Kνpzkq
KνpǫkqMijpkq´
´1
2
”2pd´ 2q
z3
apǫ,kq
k2
` bpǫ,kq
2z3
` apǫ,kq
2z
ı
Sijpkq
`1
2
´ ǫ
z
¯3
Tijpkq ` 3
4
´apǫ,kq
z
´ ǫ
2apǫ,kq
z3
¯
Yijpkq .
(D.19)
Functions apǫ,kq and bpǫ,kq are determined by (D.13). Substituting above divergences into
expression (D.16) will give the final answer for the hook component. However, we do not
gather all constituents together because the resulting expressions is exceedingly lengthy.
Fortunately, in order to compute the boundary effective action it suffices to have implicit
expression (D.16) supplemented with divergence formula (D.19), see Section 6.
E Ascending series for the modified Bessel functions
We use the following definition of modified Bessel function,
Kνpuq “ π
2 sinpπνq
`
I´νpuq ´ Iνpuq
˘
, (E.1)
where the prefactor can be expressed via ΓpαqΓp1´ αq “ π{ sinpπαq, and Iνpuq is a Bessel
function of arbitrary order ν P R. ”The right of this equation is replaced by its limiting
value if α is an integer or zero” (quoted from [43], eq. 9.6.2). In our case order ν “ d{2 that
is either integer or half-integer so these two cases are to be considered separately. Actually,
being decomposed in two groups of (non)-analytical terms the modified Bessel functions of
integer order contain additional logarithm lnu in front of the analytical part.
We also introduce the following combinations of the modified Bessel functions useful in
practice,
Kνpuq “ uνKνpuq , W puq “ 2Kνpzq ´Kν`1puq
Kνpuq . (E.2)
Non-integer orders ν. Consider non-integer orders ν which in our case correspond to
odd boundary dimensions d. From the definition of modified Bessel functions (E.1) and
(E.2) one finds
Kνpuq “ 2ν´1ΓpνqΓp1´ νq
” 8ÿ
n“0
1
n! Γp1´ ν ` nq
´u
2
¯2n
´
8ÿ
n“0
1
n! Γp1` ν ` nq
´u
2
¯2ν`2n ı
.
(E.3)
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For the present problem variable u is identified with the square root of d-dimensional
D’Alambertean
?
l so the local part of of Kνpǫ
?
lq is provided by terms with even powers
of u (the first sum in (E.3)) while odd powers give non-local contribution (the second sum
in (E.3)). First few terms read off from the above decomposition are
Kνpuq “ 2ν´1Γpνq
”
1` u
2
4p1´ νq ´
1
22ν
Γp1´ νq
Γp1` νqu
2ν ` . . .
ı
. (E.4)
Also, we find the decomposition
W puqKνpuq “ 2Kνpuq ´Kν`1puq “
“ 2νp1´ νqΓpνq
”
1` 1
4
2´ ν
p1´ νq2 u
2 ´ 1
22νp1´ νq
Γp1´ νq
Γp1` νqu
2ν ` . . .
ı
.
(E.5)
Integer orders ν. For integer orders ν that correspond to even boundary dimensions d
the modified Bessel function Kνpuq (E.2) can be represented as the following series
Kνpuq “ 2ν´1ΓpνqΓp1 ´ νq
ν´1ÿ
n“0
1
n! Γp1´ ν ` nq
´u
2
¯2n
`
`p´qν`1
8ÿ
n“0
2ν´1
n! Γp1` ν ` nq
´u
2
¯2ν`2n`
2 ln
u
2
´ ψpn ` 1q ´ ψpν ` n ` 1q˘ ,
(E.6)
where ψpkq is the logarithmic derivative ψpkq “ Γ1pkq{Γpkq. All terms in the above series
have even powers of u except for those proportional to the logarithm which therefore define
a non-local part of Kνpǫ
?
lq. The decompositions analogous to (E.4) and (E.5) read
Kνpuq “ 2ν´1Γpνq
”
1` u
2
4p1´ νq `
p´qν`1
22ν´1ΓpνqΓpν ` 1qu
2ν ln
u
2
` . . .
ı
, (E.7)
and
W puqKνpuq “ 2Kνpuq ´Kν`1puq “
“ 2νp1´ νqΓpνq
”
1` 1
4
2´ ν
p1´ νq2 u
2 ` p´q
ν`1
22ν´1p1´ νq
u2ν ln u
2
ΓpνqΓpν ` 1q ` . . .
ı
.
(E.8)
F Details of computation of the effective action
To simplify computations we use the following obvious identity,
Bz
”´z
ǫ
¯γF pzkq
F pǫkq
ıˇˇˇ
z“ǫ
“ ǫ´1
´
γ ` pkǫq d
dpǫkq lnF pǫkq
¯
, (F.1)
where F puq is an arbitrary function and γ is a real constant. The expression on the left-
hand-side is motivated by the form of solution for the hook component (D.16).
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Let us represent a normal derivative of the hook component as a sum of six terms,
Bzϕij,k
ˇˇˇ
z“ǫ
“
3ÿ
n“1
An `B ` C `D , (F.2)
where using solution (D.16) and omitting explicit indices we obtain the following derivatives
D “ Bz
”´z
ǫ
¯´3Kνpzkq
Kνpǫkq
ı
ϕ¯ij,k
ˇˇˇ
z“ǫ
, (F.3)
and
A1 “ ki
k2
Bz
`
kmϕmj,k
˘ˇˇˇ
z“ǫ
, A2 “ kj
k2
Bz
`
kmϕmi,k
˘ˇˇˇ
z“ǫ
, A3 “ kk
k2
Bz
`
kmϕij,m
˘ˇˇˇ
z“ǫ
, (F.4)
B “ Bz
”
´ a
2k2
´1
z
` 1
z3
´4pd´ 3q
k2
´ ǫ2
¯¯
Mij,k
ıˇˇˇ
z“ǫ
, C “ Bz
”
´ 2a
k2
1
z3
Zij,k
ıˇˇˇ
z“ǫ
. (F.5)
Evaluating z-derivatives in quantities A1,2,3, and B,C,D given by formulas (F.3)-(F.5)
yields the following expressions,
D “
”
´ 3
ǫ
` ǫk
2
2p1´ νq ´
2ν
22ν
Γp1´ νq
Γp1` νq ǫ
2ν´1k2ν ` . . .
ı
ϕ¯ij,k , (F.6)
A1 “ 3
4ǫ
ki
k2
Mjk ´ 1
2
”6pd´ 2q
ǫ4
a
k2
` 3
2
b
ǫ4
` a
2ǫ2
ı ki
k2
Sjk ´ 3
2ǫ
ki
k2
Tjk
´3
4
´ a
ǫ2
` 3b
ǫ4
¯ ki
k2
Yjk ´ 1
2
Θpǫ, kq ki
k2
Mjk ,
(F.7)
A2 “ 3
4ǫ
kj
k2
Mik ´ 1
2
”6pd´ 2q
ǫ4
a
k2
` 3
2
b
ǫ4
` a
2ǫ2
ıkj
k2
Sik ´ 3
2ǫ
kj
k2
Tik
´3
4
´ a
ǫ2
` 3b
ǫ4
¯kj
k2
Yik ´ 1
2
Θpǫ, kqkj
k2
Mik ,
(F.8)
A3 “ ´ 3
2ǫ
kk
k2
Mij `
”6pd´ 2q
ǫ4
a
k2
` 3
2
b
ǫ4
` a
2ǫ2
ıkk
k2
Sij `Θpǫ, kqkk
k2
Mij , (F.9)
B “ a
2k2
´ 1
ǫ2
` 3
ǫ4
`4pd´ 3q
k2
´ ǫ2˘¯Mij,k , C “ 6a
ǫ4k2
Zij,k , (F.10)
where quantities a and b are given by (D.13), and
Θpǫ, kq “
´1
4
2´ ν
p1´ νq2 ǫk
2 ´ ν
22νp1´ νq
Γp1´ νq
Γp1` νqǫ
2ν´1k2ν ` . . .
¯
. (F.11)
Quantities A2 and A3 are equal to each over under permutation of indices i and j.
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G Fourier transforms and differential regularization
Non-integer values d{2. To perform a Fourier transformation of a two-point function
defined in momentum space to position space one calculates integrals of the following type
[39] 8 ż
ddk
p2πqd e
´ikxkα “ 2
α
πd{2
Γpd`α
2
q
Γp´α
2
q
1
xd`α
. (G.1)
For positive integer α{2 the gamma function in the denominator has zeros so the Fourier
transform is ill-defined, see the next paragraph. By taking x-derivatives one obtains
p´iqβ
ż
ddk
p2πqd e
´ikxkαkm1 ¨ ¨ ¨ kmβ “
2α
πd{2
Γpd`α
2
q
Γp´α
2
q Bm1 ¨ ¨ ¨ Bmβ
1
xd`α
. (G.2)
Integer values d{2. To find Fourier transforms of logarithmic functions multiplied by
polynomial functions we generalize the differential regularization scheme for 4d ϕ4 theory
proposed in [25] to any even dimensions d.
The idea is to identically rewrite function 1{x2ρ, where x P Rd{t0u and ρ P Z`, in the
following way
1
x2ρ
“ lGpx2q , (G.3)
where l “ BiBi and x2 “ xixi are evaluated with respect to Euclidean metric δij. It is
convenient to change w “ x2. Then equation (G.3) takes the form
4wρ´
d
2
`1 d
dw
”
w
d
2
d
dw
Gpwq
ı
“ 1 . (G.4)
The solution to this second-order ODE at ρ “ d{2 for even d is given by
Gpx2q “ ´ 1
2d´ 4
lnpxMq2
xd´2
` C , x ‰ 0 , (G.5)
where M and C are dimensionful integration constants. In what follows, we set C “ 0.
For d “ 4 the above formula reproduces result obtained previously in [25]. Therefore, we
conclude that aside from the singularity, function 1{x2ρ admits an equivalent representation
with a logarithm and a dimensionful constant so the name differential regularization. It is
worth noting that 1{x2ρ is a homogeneous function while Gpx2q is not. However, identity
(G.3) holds for any values of constant M so scale transformation xm Ñ txm define an
equivalence between functions Gpx2q with M and tM .
Other functions 1{xd`2m, m “ 0, 1, 2, ... can be obtained by differentiating with l, e.g.,
lx´d “ 2d x´d´2. In particular, one has
1
xd`2m
“ τm lm 1
xd
, τm “ Γpd{2q
4m Γpm` 1qΓpd{2`mq , m “ 0, 1, 2, ... , (G.6)
8See also Ref. [44], where these integrals are evaluated by inserting a test function e´µk
2
and taking
the limit µÑ 0.
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so that function x´2d can be cast into the form
1
x2d
“ 2
´d`1
Γpd` 1ql
d
2
`1 lnpxMq2
xd´2
. (G.7)
By construction, d{2 ` 1 is an integer positive number, so we conclude that dimensions d
must be even. In odd dimensions d the above representation is not valid; in particular, it
becomes non-local. The above regulated form of x´2d is convenient to Fourier transform.
To obtain this formula one notices that i) Fourier transforms of power law functions are
easy to obtain ii) power law functions can be represented as logarithmic series,
pMxq2a “
8ÿ
n“0
an
n!
lnnpxMq2 “ 1` 2a lnpxMq ` ... , (G.8)
where a is an indeterminant variable, and then finds its Fourier transform,
ż
ddx eikx
pMxq2a
xd´2
“ 4π
d
2
k2
´2M
k
¯2a Γp1` aq
Γpd{2´ a´ 1q . (G.9)
Representing gamma functions via formula 8.342.2 from [45]
ln Γp1` aq “ 1
2
ln
πa
sin πa
´ Ca´
8ÿ
n“1
a2n`1
2n` 1ζp2n` 1q , (G.10)
where C “ 0.577... is Euler constant and ζpnq is the zeta-function, and
Γpd{2´ a ´ 1q “ pd{2´ 2´ aqpd{2´ 3´ aq...p1 ´ aqΓp1´ aq , (G.11)
decomposing with respect to small a one finds
Γp1` aq
Γpd{2´ a´ 1q “
p1` aHd{2´2qp1´ 2Caq
Γpd{2´ 1q `Opa
2q , (G.12)
where Hd{2´2 are harmonic numbers (H0 “ 0, H1 “ 1, H2 “ 3{2,...). Terms linear in a in
the right-hand-side of (G.9) are then
(G.9) “ 4π
d
2
Γpd
2
´ 1q
1
k2
”
1´ 2a ln
´k H¯d{2´2
2M
¯ı
`Opa2q , (G.13)
where ln H¯d{2´2 “ C´ Hd{2´2{2. It follows thatż
ddx eikx
1
xd´2
“ 4π
d
2
Γpd
2
´ 1q
1
k2
, (G.14)
ż
ddx eikx
lnpMxq
xd´2
“ ´ 4π
d
2
Γpd
2
´ 1q
1
k2
ln
kĂM , (G.15)
where ĂM “ 2M{H¯d{2´2. Note that (G.14) coincides with (G.1) evaluated at α “ ´2.
Higher orders of a in (G.9) produce different powers of the logarithm.
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Now, using the Fourier transform inverse to (G.15) and acting with l one obtainsż
ddk
p2πqd e
´ikx k2α´2 ln
kĂM “ p´qα`1
Γpd
2
´ 1q
4π
d
2
l
α lnpMxq
xd´2
, (G.16)
where α “ 0, 1, 2, ... . Using formula (G.6) at n “ α ´ 1 allows to represent the above
integral in the form analogous to (G.1),ż
ddk
p2πqd e
´ikx k2α´2 ln
kĂM “ p´qα
22α´3
π
d
2
ΓpαqΓpd{2` α ´ 1q 1
xd`2α´2
, (G.17)
where α “ 1, 2, ... . By taking x-derivatives in the integral (G.16) one obtains
iβ
ż
ddk
p2πqd e
´ikx km1 ¨ ¨ ¨ kmβk2α´2 ln
kĂM “ p´qα`β
Γpd
2
´ 1q
4π
d
2
l
αBm1 ¨ ¨ ¨ Bmβ
lnpMxq
xd´2
, (G.18)
where α, β “ 0, 1, 2, .... Finally, one arrives at the formula analogous to (G.2),
iβ
ż
ddk
p2πqd e
´ikx km1 ¨ ¨ ¨ kmβk2α´2 ln
kĂM “
“ p´qα`β 2
2α´3
π
d
2
ΓpαqΓpd{2` α ´ 1qBm1 ¨ ¨ ¨ Bmβ
1
xd`2α´2
,
(G.19)
where α “ 1, 2, ... and β “ 0, 1, 2, ... .
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